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Finite Differences
Method (FDM):
Derivative of a
polynomial

f (x) = 3x3 + 2x2 + 1 (1)

to be evaluated: slope at x = 1

→ f ′(x) = 9x2 + 4x (2)

solution from (2): f ′(1) = 13
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FDM: Definition of
the slope from the
differential

∂f
∂x (x) = lim

∆x→0

f (x + ∆x)− f (x)
∆x (3)

∂f
∂x (x) = lim

∆x→0

f (x)− f (x −∆x)
∆x (4)

∂f
∂x (x) = lim

∆x→0

f (x + ∆x)− f (x −∆x)
2 ·∆x

=1
2 · lim

∆x→0

f (x + ∆x)− f (x −∆x)
∆x

(5)
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FDM: Approxima-
tion of the slope
from a finite differ-
ence

∂f
∂x (x) ≈ f (x + ∆x)− f (x)

∆x (6)

∂f
∂x (x) ≈ f (x)− f (x −∆x)

∆x (7)

∂f
∂x (x) ≈ f (x + ∆x)− f (x −∆x)

2 ·∆x (8)
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FDM: Approxima-
tion of the derivative
in Excel

Fig.: Exercise: Approximation of the derivative in Excel
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Finite Differences
Method (FDM):
Order of Accuracy

Forward and backward differencing:
I linear relation between ∆x and

error
I 1st order accuracy

central differencing:
I quadratic relation between ∆x

and error
I 2nd order accuracy
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Leveling of two
tanks: Problem
statement

I coefficient of resistance: ξ = 2,0
I inertia neglected

Fig.: Leveling of two tanks connected
through a pipe
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Leveling of two tanks

energy conservation:

z = v2

2g · ξ = Q2

A2 · 2g · ξ

⇒ Q = A ·
√

2g · z
ξ

(9)

mass conservation:

∆V =
∫

Q dt =
∫

A ·
√

2g · z
ξ

dt

(10)

Fig.: Leveling of two tanks connected
through a pipe
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Leveling of two
tanks: Analytical
solution

Change of Water Surface elevation in
tank A dx and tank B dy :

dx = dV
AA

= Q
AA

dt (11)

dy = dV
AB

= Q
AB

dt (12)

z =hA − hB − x − y
⇒ dz = − (dx + dy) dt (13)

Fig.: Leveling of two tanks connected
through a pipe

Daniel Wildt Summer School
15/11/2021 Levelling of connected tanks and mass transport 10/37



University of Natural Resources
and Life Sciences, Vienna
Department of Water, Atmosphere
and Environment

Leveling of two
tanks: Analytical
solution

dz from equation 13 using equation 11 and 12:

dz = − (dx + dy) = −Q ·
(

1
AA

+ 1
AB

)
dt =− A

√
2g
ξ
· AB + AA

AAAB︸ ︷︷ ︸
K

√
z dt (14)

dt =− 1
K

dz√
z

(15)

integration of equation 15:

t(z) = − 1
K

∫ z

∆H

1√
z dz = − 1

K · 2
√

z
∣∣z
∆H = 2 · 1K ·

(√
∆H −

√
z
)

(16)
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Leveling of two
tanks: Analytical
solution

Time until water surface elevations in
tanks A and B are fully leveled out
(z = 0):

t(0) =2 · 1K ·
(√

∆H −
√

z
)

=2 · 1
A
√

2g
ξ ·

AB+AA
AAAB

·
(√

∆H − 0
)

=3687 s
Fig.: Leveling of two tanks connected
through a pipe
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Leveling of two
tanks: Numerical
solution

conservation of mass:

∆V =Q ·∆t = AA ·∆hA = AB ·∆hB (17)

⇒ ∆hA = Q ·∆t
AA

(18)

⇒ ∆hB = Q ·∆t
AB

(19)

∆hA =hn
A − hn+1

A ⇒ hn+1
A =hn

A −∆hA (20)
∆hB =hn+1

B − hn
B ⇒ hn+1

B =hn
B + ∆hB (21)

Fig.: Leveling of two tanks
connected through a pipe
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Leveling of two
tanks: Numerical
solution

Equations 20 and 21 using
equations 18 and 19:

hn+1
A = hn

A −
∆V
AA

= hn
A −

Q ·∆t
AA

(22)

hn+1
B = hn

B + ∆V
AB

= hn
B + Q ·∆t

AB
(23)

Fig.: Leveling of two tanks connected
through a pipe

Daniel Wildt Summer School
15/11/2021 Levelling of connected tanks and mass transport 14/37



University of Natural Resources
and Life Sciences, Vienna
Department of Water, Atmosphere
and Environment

Leveling of two
tanks: Numerical
solution

Q from energy conservation
(equation 9)

Q = A ·
√

2g · z
ξ

different methods to approximate z :
I backward differencing
I central differencing

Fig.: Leveling of two tanks connected
through a pipe
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Leveling of two
tanks: Numerical
solution

I backward differencing (Euler method):

z = hn
A − hn

B (24)

I Zentrale Differenzen (Predictor-Correktor or Runge-Kutta method):

∆zn+ 1
2 = hn+ 1

2
A − hn+ 1

2
B (25)

mit : hn+ 1
2

A =hn
A + hn+1?

A
2 hn+ 1

2
B =hn

B + hn+1?
B

2 (26)

with hn+1?
A and hn+1?

B estimated using backward differencing.
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Leveling of two
tanks: Numerical
solution

Numerical solution in Excel applying the Euler method:

Fig.: Leveling of two
tanks input

Fig.: Numerical solution in Excel applying the Euler
method
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Leveling of two
tanks: Numerical
solution

Numerical solution in Excel applying the Predictor-Corrector method:

Fig.: Numerical solution in Excel applying the Predictor-Corrector method
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Leveling of two
tanks: Numerical
solution

Fig.: Levelling of two containers: comparison of solutions
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Leveling of two
tanks: Numerical
solution

Solution using the prepared Excel-Worksheet by Maurer (2010)
Behaelterausgleich_Maurer.xlsm
note: access VBA-code via Developer Tools > VBA
tasks:
I Which convergence criteria is used?
I How long does it take for the water surfaces in the tanks to level out?
I How long does it take for the water surfaces in the tanks to level out

when the pipe diameter is doubled?
I How can the difference between the Euler and the Predictor-Corrector

method be explained?
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Leveling of two
tanks: Summary

Tab.: Comparison between an analytical and a numerical solution

analytical solution numerical solution

available in special cases only can be derived for any problem
no discretization necessary suitable discretization necessary for

accurate results
function can be evaluated at indi-
vidual points

function needs to be solved for the en-
tire domain
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Mass transport: The
Sandoz/Rhine acci-
dent 1986

Fig.: Plainly Difficult: “A Brief History of: The Sandoz Chemical Disaster (Short
Documentary)” https://www.youtube.com/watch?v=6RjTvN2QhSY (7:08min)
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Mass transport: The
Sandoz/Rhine acci-
dent 1986

I one of the severest environmental disasters
caused by humans in Europe

I chemically polluted water from discharged into
the Rhine river

I Rhine polluted over a length of 400 km
I initiation of new developments in water

protection
I amongst others development of the

Rhine-Alarm model (Mazijk et al., 1991)
(IKSR, 2016)

Fig.: source: Badische
Zeitung/dapd (IKSR,
2016)
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Mass transport: The
Sandoz/Rhine acci-
dent 1986

Aim of the model is to predict
I time of arrival of the polluted water
I maximum concentration of pollutants
I end of contamination

on any point along the river length (Mazijk et al., 1991).
allows to warn e. g.:
I waterworks
I fishers

https://www.chr-khr.org/de/veroffentlichung/

rheinalarmmodell-version-20-kalibrierung-und-verifikation

Fig.: Validation
report of the
Rhine-Alarm model
(Mazijk et al., 1991)
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Mass transport:
Governing equations

I Advection equation:
∂c
∂t + u · ∇c = 0 (27)

∂c
∂t + u · ∂c

∂x = 0 (28)

I Advection-Diffusion equation:
∂c
∂t + u · ∂c

∂x + D0
∂2c
∂x2 = 0 (29)

for comparison: diffusion only
∂φ

∂t + Γ∂
2φ

∂x2 = 0 (30)
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Mass transport:
Governing equations

Examples:
I advection only: transport of a solid
I diffusion only: heat transport in a solid
I advection and diffusion: dissolved substance in a fluid

Fig.: Scheme of mass transport without diffusion (top) and with diffusion
(bottom) (Maurer, 2010)

Daniel Wildt Summer School
15/11/2021 Levelling of connected tanks and mass transport 26/37



University of Natural Resources
and Life Sciences, Vienna
Department of Water, Atmosphere
and Environment

Mass transport:
Governing equations

Semi-empirical calculation of the coefficient of dispersion D0:

D0 =α · u2 · B2
S

h̄ · u?

mit u? =
u · √g

C = u · g 1
2

kSt ·
3√h̄

(31)

Dispersion has the same effect as diffusion, but the coefficient of dispersion can be
several orders of magnitudes higher than the coefficient of diffusion.

α . . . . . . . . . . . . . . . . . dimensionless constant [α] = 1
BS . . . . . . . . . . . . . . . . effective river width [BS ] = m
h̄ . . . . . . . . . . . . . . . . . . average water depth [h̄] = m
u? . . . . . . . . . . . . . . . . . shear stress velocity [u?] = m s−1

g . . . . . . . . . . . . . . . . . . gravitational acceleration [g ] = m s−2

C . . . . . . . . . . . . . . . . . Chézy-Coefficient [C ] = m1/2 s−1

kSt . . . . . . . . . . . . . . . . Strickler-Coefficient [kSt] = m1/3 s−1
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Mass transport:
Governing equations

stagnant water zones: extension for non-uniform velocity distributions
along the river width (Chatwin, 1980)

Fig.: Scheme of stagnant water zones (Maurer, 2010)
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Mass transport:
Governing equations

Transport velocity cv :

cv = u
1 + β

mit β =κ · Ab
As

(32)

cv . . . . . . . . . . . . . . mass transport velocity [cv ] = m s−1

β . . . . . . . . . . . . . . portion of stagnant water zones [β] = 1
κ . . . . . . . . . . . . . . exchange coefficient [κ] = 1
Ab . . . . . . . . . . . . . storing cross sectional area [Ab] = m2

As . . . . . . . . . . . . . effective cross sectional area [As ] = m2

ad κ (exchange between stagnant and effective water zones): set κ = 1 for
complete exchange
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Mass transport:
Boundary and initial
conditions

Boundary and initial conditions:
I total mass added at one particular instance in time and at one

particular point along the river
I steady-state and uniform flow1

I initially no-substance in the river

1extension for non-uniform flow already implemented in the Rhine-Alarm model
(Mazijk et al., 1991)
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Mass transport:
Analytical solution

Equation 29 using boundary and initial conditions from above can be
solved analytically using Taylor-polynomials (Fischer et al., 1979).

c(x , t) =
M
Q√

4πD0
t

u2
s

· exp

−
(
t − x

us

)2

4D0
t

u2
s

 (33)
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Mass transport:
Analytical solution

Taking stagnant water zones into account results in the following equation:

c(x , t) =
M
Q√

4πD0
t
c2

v

·exp

−
(
t − x

cv

)2

4D0
t
c2

v

·
1 + Gt

6 · H3 ·
t − x

cv√
2D0

t
c2

v

 (34)

H3[z ] = z3 − 3z Hermitian polynomial (z = t−µt
σt

)
µt . . . . . . . . . . . . . mean [µt ] = s
σt . . . . . . . . . . . . . . variance [σt ] = s2

Gt = |gt |
|σ3

t |
. . . . . . . skewness [Gt ] = 1

gt . . . . . . . . . . . . . . 3. moment [gt ] = s3
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Mass transport:
Analytical solution

Solution using the prepared Excel-Worksheet by Maurer (2010)
masstransport.xlsm
note: access VBA-code via Developer Tools > VBA
Input values river:
I length of the river section: L = 80 km
I Mannings’ coeffecient: 1

n = kSt = 35m1/3 s−1

I discharge Q = 1800m3 s−1

I effective cross sectional area: As = 750m2

I effective river width: Bs = 75m
I storing cross sectional area: AD = 120m2

I water depth: h = 5m
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Mass transport:
Analytical solution

Input values substance:
I mass of added substance: m = 2kg
I coefficient κ = 1
I coefficient of dispersion: α = 1
I skewness: Gt = 1

Tasks masstransport.xlsm
I When is the maximum concentration occuring in the middle of the

river section?
I How high is the maximum concentration in the middle of the river

section
I What would be the respective values when stagnant water zones are

neglected?
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